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1 Introduction
$R^{N}$ $\Omega$ potential
$u=u(x, t)$ $t$ (Hot Spots)
$H(t)=\{x\in\overline{\Omega}$ : $u(x, t)=ma_{\frac{x}{\Omega}}u(y, t)y\in\}$
. ,
. ,
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(a) , ?












, , Dirichlet Neumann
$u_{t}=\Delta u$ , (a), (b), (c)
. , , potential





$\{\begin{array}{ll}u_{t}=\Delta u in \Omega\cross(0, \infty),\partial_{\nu}u=0 on \partial\Omega\cross(0, \infty),u(x, O)=\phi(x) in \Omega.\end{array}$
, $\Omega$ , $\nu$ $\Omega$
, $\partial_{\nu}=\partial/\partial\nu,$ $\phi\in C(\overline{\Omega})$ . , $\{\lambda_{k}\}_{k=1}^{\infty}(\lambda_{1}<\lambda_{2}<\cdots)$
$-\Delta\varphi=\lambda_{k}\varphi$ in $\Omega$ , $\partial_{\nu}\varphi=0$ on $\partial\Omega$
, $P_{k}$ $L^{2}(\Omega)$ $\lambda_{k}$
.
$\lambda_{1}=0$ , $P_{1}f= \frac{1}{|\Omega|}\int_{\Omega}f(x)dx$
18
. , $|\Omega|$ $\Omega$ . , Fourier
, $L^{2}(\Omega)$




, $P_{2}\phi\not\equiv 0$ in $\Omega$
$\mathcal{M}(P_{2}\phi)\cong\{x\in\overline{\Omega}$ : $(P_{2}\phi)(x)=xm\in a_{\frac{x}{\Omega}}(P_{2}\phi)(y)\}\neq\Omega$ .
, (1.1) ,
$\lim_{tarrow\infty}$ $sup\{|x-y| : x\in H(t), y\in \mathcal{M}(P_{2}\phi)\}=0$ .
, “ ” , Neu-
mann . , $\Omega=(0,1)$ ,
Neumann cos $\pi x$ , “ ”
$H(t)$ . 1975 Rauch [13]
Rauch observation . , $\Omega$ ,
Neumann ( )
“hot spots conjecture” Kawohl [12] .
, ,
2
([1], [10] ). , $\Omega$ , Neumann
([2]











$u_{t}=\triangle u$ in $R^{N}\cross(0, \infty))$ $u(x,0)=\phi(x)$ in $R^{N}$
. , [3] ,
$\phi\in C_{0}(R^{N})$ , $\phi\geq 0,$ $\not\equiv 0$ in $R^{N}$
. , Chavel &Karp (1990)
([3] ). ,
, :
$T>0$ $x=x(t)\in C^{\infty}([T, \infty)$ : $R^{N}$ )
$H(t)=\{x(t)\}$ , $t\geq T$, $\lim_{tarrow\infty}x(t)=\int_{R^{N}}y\phi dy/\int_{R^{N}}\phi dy$ .
, (moving plane method)
, $t$ , $H(t)$ $\phi$ support
, $R_{+}^{N}=\{x_{N}>0\}$ .
, & (1994) ([11] )
, , Neumann . $u$ $R_{+}^{N}$
, .
$u_{x_{N}}=0$ on $\{x_{N}=0\}\cross(0, \infty)$ , $\phi\in C_{0}(R_{+}^{N})$ , $\phi\geq 0,$ $\not\equiv 0$ in $R_{+}^{N}$
. , $u(x’, x_{N}, t)=u(x’, -x_{N}, t)$ , $u$
. , , $H(t)$
, $u$ , $T>0$ $x=x(t)\in C^{\infty}([T, \infty)$ : $\bm{R}_{+}^{N}$ )
$H(t)=\{x(t)\},$ $t\geq T$
$\lim_{tarrow\infty}x_{i}(t)=\int_{R_{+}^{N}}y_{i}\phi dy/\int_{R_{+}^{N}}\phi dy$ $(i=1, \ldots, N-1)$ , $x_{N}(t)=0$
.
Remark 2.1 Dirichet , Robin , ,





(3.1) $\{\begin{array}{ll}\partial_{t}u=\Delta u in \Omega\cross(0, \infty),\partial_{\nu}u=0 on \partial\Omega\cross(0, \infty),u(x, O)=\phi(x) in \Omega,\end{array}$
(3.2) $\{\begin{array}{ll}\partial_{t}u=\Delta u in \Omega\cross(0, \infty),u=0 on \partial\Omega\cross(0, \infty),u(x, O)=\phi(x) in \Omega,\end{array}$
. , $\Omega=\{|x|>1\}$ ,
(3.3) $\phi\in C_{0}(R^{N})$ , $\int_{R^{N}}\phi dx>0$
. , [11] ,
, . , Neumann
, $T>0$
(3.4) $H(t)\subset\partial\Omega=\{|x|=1\}$ , $t\geq T$.
“hot spots conjecture” , Neumann $H(t)$
, . , Dirichlet
, $N=3$ , $T>0$ $r=r(t)\in C^{\infty}([T, \infty)$ : $(0, \infty))$
,
$H(t)=\{|x|=r(t)\}$ , $t\geq T$, $\lim_{tarrow\infty\ovalbox{\tt\small REJECT}}(2t)^{-1/2}r(t)=1$
. , ,
. , 2005 [5], [6]
. $\phi\in C_{0}(\Omega)$





, $C(t)=C(0)$ . , Neumann




$C_{N}(t)=C_{N}(0)$ , $\lim_{tarrow\infty\ovalbox{\tt\small REJECT}}C(t)=C_{N}(0)$
. , $C_{N}(t)$ , .
$C_{N}(t)$ , .
, (3.4) .
Theorem 3.1 ([5] )
$u$ (3.1) , (3.3) . , $t>0$ ,
$H(t)\neq\emptyset$ . , $C_{N}(0)\in B(0,1)$ , $T>0$
$H(t)\subset\partial\Omega=\{|x|=1\}$ , $t\geq T$.
, Theorem 3.1 , Theorem 3.1 ,
[11] (3.4) .
, (3.4) .
Theorem 3.2 ([5] )
Theorem 3.1 . $C_{N}(0)\neq 0$ . ,
$x_{*}=C_{N}(0)$ if $C_{N}(0)\in\Omega$ , $x_{*}= \frac{C_{N}(0)}{|C_{N}(0)|}$ if $C_{N}(0)\not\in\Omega$
,
$\lim_{tarrow\infty\ovalbox{\tt\small REJECT}}\sup\{|x-x_{*}| : x\in H(t)\}=0$
.
, x $C_{NN}(O)$ $\overline{\Omega}$ . , (3.3) ,





Dirichlet , , volume
, . [6] , (3.2) $u$
.




Theorem 3.3 ([6] )
$u$ (3.2) , $V_{D}(0)>0$ . , $N\geq 3$ ,
$\lim_{tarrow\infty}\int_{\Omega}u(x, t)dx=V_{D}(0)$ ,
$\lim_{tarrow\infty}t^{\frac{N}{2}}u(x,t)=(4\pi)^{\frac{N}{2}}V_{D}(0)(1-\frac{1}{|x|^{N}})$
( ). , $N=2$
$\lim_{tarrow\infty}(\log t)\int_{\Omega}u(x)t)dx$ $=2V_{D}(0)$ ,
$\lim$ $t(\log t)^{2}u(x\rangle$ $t)$ $=\pi^{-1}V_{D}(0)\log|x|$
$tarrow$
( ).
, $N=2$ $N\geq 3$ ,
. , , $H(t)$ $tarrow\infty$ ,
. , $H(t)$
.
Theorem 3.4 ([6] )




. , $N\geq 3$ $\zeta(t)=2(N-2)t,$ $N=2$ $\zeta(t)=$
$2t(\log t)^{-1}$ . , $C_{D}(O)\neq 0$ , $T>0$
$x=x(t)\in C^{\infty}([T, \infty)$ : $\overline{\Omega}$) ,
$H(t)=\{x(t)\}$ , $t\geq T$,
t\rightarrow
$\frac{x(t)}{|x(t)|}=\frac{C_{D}(0)}{|C_{D}(0)|}$ .














$v(y, s)=(1+t)^{\frac{N}{2}}u(x,t)$ , $y=(1+t)^{-\frac{1}{2}}x$ , $s=\log(1+t)$
,
$\{\begin{array}{ll}\partial_{s}v=\frac{1}{\rho}d\cdot v(\rho\nabla_{y}v)+\frac{N}{2}v in \bigcup_{s>0}(\Omega(s)\cross\{s\}),\partial_{\nu}v=0 on \bigcup_{s>0}(\partial\Omega(s)\cross\{s\}),v(y, 0)=\phi(y) in \Omega\end{array}$
. , $\rho(y)=e^{1l_{4}},$$\Omega(s)=\llcorner^{2}\{|y|>e^{-s/2}\}$ . ,
$\rho$ ,
$- \frac{1}{\rho}div(\rho\nabla_{y}\varphi)=\lambda\varphi$ in $R^{N}$ , $\varphi\in H^{1}(R^{N},pdy)$ .
,
$e^{-\Delta L^{2}}|4$ ,
$(N+i)/2(i=0,1,2, \ldots)$ ([.4] ).
24
. $v_{k,i}$ ,
$w_{k,i}(y, s)=(1+t)^{\frac{N+k}{2}}v_{k,i}(x, t)$ , $y=(1+t)^{-\frac{1}{2}}x$ , $s=\log(1+t)$
, $w_{k,i}$ $L^{2}(\Omega(s), \rho dy)$
. , $\Vert w_{k,i}(s)\Vert_{L^{2}(\Omega(s),\rho dy)}$ ,
$\Vert v_{k,i}(t)\Vert_{L^{2}(\Omega)}\leq\exists Ct^{-\frac{N}{4}-\frac{k}{2}}\Vert\phi\Vert_{L^{2}(\Omega,\rho dx)}$ , $t>0$
. , $0<\epsilon<L$ ,
(4.1) $\lim_{sarrow\infty}w_{k,i}(y, s)=\exists c|y|^{k}e^{-M_{4}^{2}}$
( , $\epsilon\leq|y|\leq L$ $y$ ).
, $v_{k,i}$ . $U_{k}$
$U”+ \frac{N-1}{r}U’-\frac{\omega_{k}}{r^{2}}U=0$ in $(1, \infty)$ , $U(1)=1$ , $U’(1)=0$
. , $a$ , $r$ $(r)=$
$ar^{k}(1+o(1))$ . , $[1, \infty$) $f$
$U”+ \frac{N-1}{r}U’-\frac{\omega_{k}}{r^{2}}U=f$ in $(1, \infty)$ , $U(1)=U’(1)=0$
$F_{k}[f]$ . , ,
$F_{k}[f](r)=r^{k}1rs^{i-N-2k}( \int_{1}^{s}\tau^{N+k-1}f(\tau))ds$
. , $V_{k,i}$ $t>0$
$\frac{\partial^{2}}{\partial r^{2}}v_{k,t}+\frac{\partial}{\partial r}v_{k,i}-\frac{\omega_{k}}{r^{2}}v_{k,t}=\partial_{t}v_{k,i}$ $r=|x|\in(1, \infty)$
,
(4.2) $v_{k,i}(x,t)=\exists_{\zeta_{k,i}(t)U_{k}(|x|)}+F_{k}[(\partial_{t}v_{k,i})(t)](|x|)$ , $x\in\Omega$
\langle . , (4.1), (4.2) , $|x|=(1+t)^{1/2}$
$x\in\Omega$ $tt$ ,
$v_{k,i}(x,t)= \exists c’(1+t)-\frac{N+k}{2}(1+o(1))=\zeta_{k,i}(t)U_{k}((1+t)^{1/2})(1+o(1))$ .
25
, $\Omega=R^{N}$ ,
Fourier , $L^{2}(R^{N}, \rho dy)$
, , $C^{2}(K)(K$
) .
, $\Omega=\{|x|>1\}$ , $R^{N}$
, $s$ , $\Omega(s)$
, , . , Fourier
, $L^{2}(\Omega(s), pdy)$ . ,
$v$ , $\epsilon>0$ , $\{\epsilon<|y|<\epsilon^{-1}\}$
$v$
$C^{2}$ .
, . $\partial\Omega(s)$ $sarrow\cdot\infty$
, $\{|y|<\epsilon\}$ ,
, $L^{2}$ . ,
,
, ,






, $\Omega$ . , $\{\omega_{k}\}_{k=0}^{\infty}$
$\Delta_{S^{N-1}}$ , $\omega_{k}=k(N+k-2)$ , $\omega_{k}$
$l_{k}$ , $Q_{k,i}(x/|x|)(i=1, \ldots, l_{k})$ \langle
, ,
:
$\phi=\sum_{k=0}^{\infty}\sum_{k=1}^{l_{k}}\phi_{k},\dot{j}(|x|)Q_{k,i}(\frac{x}{|x|})$ in $L^{2}(\Omega, \rho dy)$ .
, $u_{k,i}$ $\phi_{k,i}(|x|)Q_{k,i}(x/|x|)$ , $v_{k,i}$
$\{\begin{array}{ll}\partial_{t}v=\Delta v-\frac{\omega_{k}}{|x|^{2}}v in \Omega\cross(0, \infty),\partial_{\nu}v=0 on \partial\Omega\cross(0, \infty),v(x, 0)=\phi_{k,i}(|x|) in R^{N}\end{array}$
. , $v_{k,i}$ ,




. , (4.2) , (4.3)
$v_{k,i}$ . , $k=0$
, $U0\equiv 1$ ,







(5.1) $\{\begin{array}{ll}\partial_{t}u=\Delta u-V(|x|)u in R^{N}\cross(0, \infty),u(x,0)=\phi(x) in R^{N}\end{array}$
. , $\phi\in L^{2}(R^{N}, e^{|x|^{2}/4}dx)$
. [5], [6] , [7], [8], [9]
potential )
.
, [8] , potential $V$ : $\omega>0,$ $\theta>0$
(V) $\{\begin{array}{ll}(i) V=V(|x|)\in C^{1}(R^{N}),(ii) V(r)\geq 0, V\not\equiv 0 on [0, \infty),(iii) \sup_{r\geq 1}r^{2+\theta}|V(r)-\frac{\omega}{r^{2}}|<\infty,(iv) \sup_{r\geq 1}|r^{3}(\frac{d}{dr}V)(r)|<\infty.\end{array}$
, (V) , $k=0,1,2\ldots$ ,
$\{\begin{array}{ll}U’’+\frac{N-1}{r}U’-(V(r)+\frac{\omega_{k}}{r^{2}})U=0 in (0, \infty),\lim_{rarrow}\sup_{\infty}U(r)<\infty, \lim_{rarrow\ovalbox{\tt\small REJECT}\ovalbox{\tt\small REJECT}}r^{\alpha(\omega+w_{k})}U(r) =1\end{array}$
27
. , $\mu\geq 0$ , $\alpha(\mu)$ 2 $\alpha(\alpha+N-2)=\mu$
, ,
$\alpha(\mu)=\frac{-(N-2)+\sqrt{(N-2)^{2}+4\mu}}{2}>0$
. , , $U_{k}$ .
)
$U_{k,i}(x)=U_{k}(|x|)Q_{k,i}( \frac{x}{|x|})$
$\Delta U_{k,i}-V(|x|)U_{k,i}=0$ , (5.1) $u$




Theorem 5.1 ([8] )
(V) , (5.1) $u$ . , $\omega>0$
$M \equiv\int_{R^{N}}\phi(x)U_{0}(|x|)dx>0$ .
. , $L>0$ ,
(5.2) $\lim_{tarrow\infty_{x\in}}\sup_{B(0,L)}|t^{\frac{N}{2}+\alpha(\omega)}u(x, t)-cMU_{0}(|x|)|=0$,









. , $T$ $x=x(t)\in C^{1}([T, \infty):R^{N})$
,
$H(t)=\{x(t)\}$ , $t\geq T$ , $\lim_{tarrow\infty}\frac{x(t)}{|x(t)|}=\frac{A_{\phi}}{|A_{\phi}|}$ .
.
, $U_{0},$ $U_{1,i}(i=1, \ldots, N)$ $H(t)$
.
, $\omega>0$ , [9]
, $\omega=0$ $H(t)$
, , $N\geq 3$ , $t^{1/N}$
$t^{1/2}$ , $N=2$ $t^{1/2}(\log t)^{-1/2}$
. , , Theorem 5.2
. , $\omega=0$ $H(t)$
$U_{0},$ $H(t)$ $U_{1,i}(i=1, \ldots, N)$
.
, , 4






. , , 3
, (5.1) . ,
(6.1) $\{\begin{array}{ll}\partial_{t}u=\Delta u-V(|x|)u in \Omega\cross(0, \infty),\mu u+(1-\mu)\partial_{\nu}u=0 on \partial\Omega\cross(0, \infty),u(x, 0)=\phi(x) in \Omega\end{array}$
$u$ . , $\Omega=\{|x|>1\},$ $0\leq\mu\leq 1,$ $\phi\in L^{p}(R^{N})$
$(1\leq p<\infty)$ . , potential $V$ ,
4 , : $\omega\geq 0,$ $\theta>0$ ,
29
$m=1,2,$ $\ldots$ ,
(V’) $\{\begin{array}{ll}(i) V=V(|x|)\in C^{m}(R^{N}))(ii) V(r)\geq 0, V\not\equiv O on [0, \infty),(iii) \sup_{r\geq 1}r^{2+\theta}|V(r)-\frac{w}{r^{2}}|<\infty,(iv) \sup_{r\geq 1}| \text{ } +2(\frac{d^{j}}{dr^{j}}V)(r)|<\infty, j=1, \ldots, m.\end{array}$
(V’) , $R^{N}$ $e^{t\Delta}\phi$
: $l=1,2,$ $\ldots,$ $p\geq 1$ , $C$
(6.2) $\Vert\nabla_{x}^{l}e^{t\Delta}\phi\Vert_{L^{\infty}(R^{N})}\leq\exists_{Ct^{-\frac{N}{2p}-\frac{l}{2}}}\Vert\phi\Vert_{L^{p}(R^{N})}$ , $t>0$





, 5 U0( ) , $r=\infty$
. , .
Theorem 6.1 ([7] )
(V) , (6.1) $u$ .
(6.3) $V(r) \equiv\frac{\omega_{n}}{r^{2}}$ on $[1, \infty$), $\mu=\frac{n}{n+1}$ , $n=2n’$
$n’=N\cup\{0\}$ . , $l=1,$ $\ldots,$ $m+1$ ,
$1\leq P<\infty$ , $C$ , $l\leq\alpha(\omega)$ ,
$\Vert(\nabla_{x}^{l}u)(t)\Vert_{L^{\infty}(\Omega)}\leq Ct^{-\frac{N}{2p}-\frac{l}{2}}\Vert\phi\Vert_{L^{p}(\Omega)}$ , $t\geq 1$ ,
$l>\alpha(w)$
$\Vert(\nabla_{x}^{l}u)(t)\Vert_{L^{\infty}(\Omega)}\leq Ct^{-\frac{N}{2p}-\frac{\alpha(w)}{2}}\Vert\phi\Vert_{L^{p}(\Omega)}$ , $t\geq 1$ ,
. , $C$ $\phi$ .
. , Thoeorem 6.1 , (6.3)
.
30
Theorem 6.2 ([71 )
(V’) , (6.1) $u$ . , (6.3) $n’=NU\{0\}$
. , $1=1,2,$ $\ldots,$ $1\leq p<\infty$ ,
$C$ , $l\leq\alpha(w)=\alpha(\omega_{n})=n$ ,
$\Vert(\nabla_{x}^{l}u)(t)\Vert_{L^{\infty}(\Omega)}\leq Ct^{-\frac{N}{2p}-\frac{l}{2}}\Vert\phi\Vert_{L^{p}(\Omega)}$ , $t\geq 1$ ,
$l>\alpha(w)=n$
$\Vert(\nabla_{x}^{l}u)(t)\Vert_{L(\Omega)}\infty\leq$ $Ct^{-\frac{N}{2p}-\frac{\alpha_{\wedge}(w+w_{1})}{2}}\Vert\phi\Vert_{L^{p}(\Omega)}$ , $t\geq 1$ ,
. , $C$ $\phi$ .
. , (6.3) ,
$U_{0}(r)=r^{n}=r^{2n’}$ , $r\geq 1$
, $\nabla_{x}^{2n’}U_{0}(|x|)\equiv 0$ . ,
$\alpha(\omega_{k})=$ , , (V’) ,
(6.2) $l=1$
$w\geq w_{1}=N-1$ $V\cong 0$ on $[0, \infty$), $\mu=0$
.
, $\phi\in L^{2}(\Omega)$ , $tarrow\infty$
$k$ $t^{-N/2}$ (4.2)
. , $k=0$ , Theorem 6.2
, $\nabla_{x}^{2n’}U_{0}(|x|)\cong 0$ , $l\geq m$ $k=1$
, $\alpha(\omega)$ $\alpha(w+w_{1})$
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